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This paper reports the results of an investigation on combined torsional buckling of multi-walled carbon nanotubes
(MWNTs) under combined torque, axial loading and radial pressures based on the continuum mechanics model, which
takes into account the eﬀect of the van der Waals interaction between adjacent tubes. A buckling condition is derived
for determining the critical buckling torque and associated buckling mode. In particular, for combined torsional buckling
of double-walled carbon nanotubes, an explicit expression is obtained and some detailed results are demonstrated. Accord-
ing to the innermost radius-to-thickness ratio, MWNTs are classiﬁed into three types: thin, thick, and (almost) solid.
Numerical results are worked out for the critical buckling torque and associated buckling mode for all the three types
of MWNTs subjected to various axial stresses (axial tensile stresses or axial compressive stresses), internal pressures,
and external pressures. It is shown that, the axial tensile stress or the internal pressure will make the MWNTs resist higher
critical buckling torque, while the axial compressive stress or external pressure will lead to a lower critical buckling torque.
The eﬀect of axial stress (axial tensile stress or axial compressive stress) on the critical buckling torque of MWNTs is very
small for all the three types of MWNTs, while the eﬀect of the internal pressure or external pressure is related to the types
of MWNTs, which is strong for the thin MWNTs, moderate for the thick MWNTs, and small for the solid MWNTs.
Numerical results also indicate that, the associated buckling mode is unique and dependent on the structure of MWNTs.
Especially, for combined torsional buckling of MWNTs with very small axial stress and radial pressures, the buckling
mode is just the one for the corresponding pure torsional buckling.
 2007 Elsevier Ltd. All rights reserved.
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Since the discovery of carbon nanotubes (CNTs) (Iijima, 1991), numerous researches have showed that
CNTs have excellent mechanical and electronic properties. CNTs hold substantial promising applications such0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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1995; Thostenson et al., 2001; Qian et al., 2002). Recently, large deformation of single-walled carbon nanotube
(SWNT) or multi-walled carbon nanotubes (MWNTs) has been the subject of numerous researches (Salvetat
et al., 1999; Arroyo and Belytschko, 2002; Sudak, 2003; Buehler et al., 2004; Pantano et al., 2004; Chang et al.,
2005; He et al., 2005; Qian et al., 2005; Wang et al., 2005; Waters et al., 2005; Buehler et al., 2006; Cao and
Chen, 2006). For example, Yakobson et al. (1996) compared the results of atomistic modeling for axial com-
pressive buckling of SWNTs with a simple continuum shell model and found that the continuum shell model
could well predict all the changes of buckling patterns displayed by the molecular-dynamics simulations. Ru
(2000) presented an elastic double-shell model for studying the axial compressive buckling of a double-walled
carbon nanotube (DWNT). In Ru’s analysis, he considered the eﬀect of van der Waals forces for the intertube
spacing and proposed a simple linear relation to model the van der Waals interaction. Zhang et al. (2002,
2004) developed an atomistic-based continuum theory for CNTs by incorporating interatomic potentials into
a continuum constitutive model, and studied the fracture nucleation in CNTs by modeling it as a bifurcation
problem. Xie et al. (2006) investigated the eﬀect of small size-scale on the radial buckling pressure of a simply
supported MWNT based on the theory of nonlocal continuum mechanics.
Moreover, the buckling behavior of SWNT or MWNTs in various surroundings has been widely investi-
gated (Bower et al., 1999; Ru, 2001; Han et al., 2005; Kitipornchai et al., 2005; Jiang et al., 2006; Jeong
et al., 2007; Shen and Zhang, 2007; Sun et al., 2007). In particular, Wang et al. (2003a) studied the elastic
buckling of MWNTs under high pressure based on the multiple-shell model. Their results showed that the pre-
dicted critical pressure using continuum mechanics model was in reasonably good agreement with the exper-
iment results given by Tang et al. (2000). Later, Wang et al. (2003b) investigated the axially compressed
buckling of pressured MWNTs, and showed that the predicted increase of critical axial stress due to an inter-
nal radial pressure is in qualitative agreement with the results for ﬁlled CNTs obtained by molecular-dynamics
simulations (Ni et al., 2002). These researches further indicate that continuum mechanics model can be an
eﬀect method to investigate the mechanical behavior of SWNT or MWNTs.
From Williams et al. (2002), Fennimore et al. (2003) and Papadakis et al. (2004), MWNTs can be used as
basic elements of nano-electromechanical systems, such as in nano-oscillators, nano-drive devices and actua-
tors, which are mainly subjected to torsional loading and may often occur with initial stresses due to thermal
stress, mismatch between diﬀerent materials, or initial external loadings. Since the reliability of many nano-
devices depends critically on the understanding of the responses of CNTs to external loading, investigation
of the mechanical behavior for torsional buckling of MWNTs under combined loadings can be a great help
for the potential application of MWNTs as basic elements of nano-scale devices. Lu and Wang (2006) studied
combined torsional buckling of MWNTs under torque and axial loading, and showed that the critical shear
stresses and the corresponding buckling modes of MWNTs under combined torque and axial loading were
dependent on the axial loading form and the types of MWNTs. Wang et al. (2007) investigated the buckling
of embedded MWNTs under combined torsion and axial loading. Their study indicated that the buckling
mode of an embedded MWNT under combined torsion and axial loading was unique and it was diﬀerent from
that with axial compression only. Sun and Liu (2007) studied combined torsional buckling of MWNTs cou-
pling with radial pressures. In their results, it was shown that the eﬀect of internal pressure or external pressure
on the critical shear membrane force for combined torsional buckling of MWNTs were related to the types of
MWNTs. The buckling mode corresponding to the critical shear membrane force of MWNTs was unique and
dependent on the structure of MWNTs. In all these analysis, it was considered that the shear membrane forces
were identical for all the diﬀerent layers of MWNTs.
Due to the fact that experimental research and molecular-dynamics simulation for torsional buckling of
MWNTs remain a formidable task, this paper studies the combined torsional buckling of MWNTs under
combined torque, axial loading and radial pressures based on the continuum mechanics model, which takes
into account the eﬀect of the van der Waals interaction between adjacent tubes. In the present analysis, a dif-
ferent loading condition is considered that the angles of twist per unit length caused by the applied torque are
identical for diﬀerent layers of MWNTs, i.e., the shear membrane force of each layer of a MWNT is related to
its radius. A buckling condition is derived for determining the critical buckling torque and associated buckling
mode, which clearly indicates the role of the axial loading and radial pressures. In particular, explicit expres-
sion is obtained for combined torsional buckling of DWNTs. Numerical examples are worked out to examine
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sure on the critical buckling torque and associated buckling mode for combined torsional buckling of
MWNTs. Some of the results are compared with the corresponding ones obtained in the literature.2. Multiple-shell model
The buckling equation for an elastic shell in terms of the additional radial (inward) displacement of the
middle surface w(x,y) due to buckling can be expressed asDr8w ¼ r4pðx; yÞ þ N 0x
o2
ox2
r4wþ 2N 0xy
o2
oxoy
r4wþ N 0y
o2
oy2
r4w Eh
R2
o4w
ox4
; ð1Þwhere x and y denote the axial and circumferential directions, respectively, N 0x , N
0
y and N
0
xy are the uniform
axial, circumferential, and shear membrane forces per unit length prior to buckling, D and h are the bending
stiﬀness and thickness of the elastic shell, E is Young’s modulus, and p(x,y) is the net (inward) normal
pressure.
Fig. 1 shows the model of an N-layer MWNT of length L. The subscripts 1, 2, . . . ,N denote the correspond-
ing quantities related to the innermost tube, its adjacent tube, . . . , the outermost tube, respectively. For
MWNTs, the van der Waals interaction pressures (per unit area) between the kth tube and the k + 1th tube
are equal and opposite. Thus, the (inward) pressures pk(k + 1) exerted on tube k due to tube k + 1 and the
(inward) pressuresp(k+1)k exerted on tube k + 1 due to tube k can be related bypkðkþ1ÞRk ¼ pðkþ1ÞkRkþ1; ðk ¼ 1; 2; . . . ; N  1Þ; ð2Þ
where Rk expresses the radius of the kth tube.
The van der Waals force between any two carbon atoms is described as the Lennard–Jones model. As the
method used in the literatures (Ru, 2000, 2001; Wang et al., 2005), the linearized analysis is adopted for mod-
eling the van der Waals interaction between adjacent tubes. Because MWNTs are originally concentric and the
initial interlayer spacing (0.34 nm) is equal or very close to the equilibrium spacing (Girifalco and Lad, 1956),
the initial van der Waals interaction pressure between any two adjacent tubes of undeformed MWNTs can be
negligible. Thus, the pressures pk(k + 1) due to buckling can be expressed asp12 ¼ cðw2  w1Þ; p23 ¼ cðw3  w2Þ; . . . ; pðN1ÞN ¼ cðwN  wN1Þ; ð3Þ
where the van der Waals constant c can be estimated by (Saito et al., 2001)Fig. 1. Model of an N-layer MWNT of length L.
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2
0:16t2
; t ¼ 1:42 108cm:Applying Eqs. (1)–(3) to each tube of an N-layer MWNT under combined torsional buckling, N coupled
equations can be obtainedD1r8w1 ¼ cr4ðw2  w1Þ þ N 0x1
o2
ox2
r4w1 þ 2N 0xy1
o2
oxoy
r4w1 þ N 0y1
o2
oy2
r4w1  E1h1
R21
o4w1
ox4
;
Dkr8wk ¼ r4 cðwkþ1  wkÞ  Rk1Rk cðwk  wk1Þ
 
þ N 0xk
o2
ox2
r4wk
þ 2N 0xyk
o2
oxoy
r4wk þ N 0yk
o2
oy2
r4wk  Ekhk
R2k
o4wk
ox4
; ðk ¼ 2; 3; . . . ; N  1Þ; ð4Þ
DNr8wN ¼ c RN1RN r
4ðwN  wN1Þ þ N 0xN
o2
ox2
r4wN
þ 2N 0xyN
o2
oxoy
r4wN þ N 0yN
o2
oy2
r4wN  ENhN
R2N
o4wN
ox4
;where wk (k = 1, 2, . . . ,N) is the (inward) deﬂection of the kth tube, Dk and hk are the eﬀective bending stiﬀness
and thickness of the kth tube, Ek is the eﬀective Young’s modulus of the kth tube, N
0
xk, N
0
yk and N
0
xyk are the
uniform membrane forces of the kth tube prior to buckling.
3. Pre-buckling analysis
Prior to buckling, every cross section of the kth tube remains plane and undistorted, so the axial and cir-
cumferential membrane stresses prior to buckling can be written asr0xk ¼
N 0xk
hk
¼ r0x ; r0yk ¼
N 0yk
hk
¼  p
0
k  Rk
hk
; ðk ¼ 1; 2; . . . ; NÞ; ð5Þwhere r0x denotes the axial stress applied on the MWNT, and p
0
k is the net (inward) pressure to the kth tube.
For pre-buckling status, p0k is related to the change of the adjacent interlayer spacing, so we havep01 ¼ p012  pint ¼ cðDR2  DR1Þ  pint;
p0k ¼ p0kðkþ1Þ þ p0kðk1Þ ¼ c ðDRkþ1  DRkÞ 
Rk1
Rk
ðDRk  DRk1Þ
 
; ðk ¼ 2; 3; . . . ; N  1Þ;
p0N ¼ pext þ p0NðN1Þ ¼ pext  c
RN1
RN
ðDRN  DRN1Þ:
ð6Þwhere pint and pext denote the applied internal pressure and external pressure, respectively.
Considering thate0yk ¼ 
DRk
Rk
¼ 1
Ek
ðr0yk  mr0xkÞ; ðk ¼ 1; 2; . . . ; NÞ; ð7Þwe haveDRk
Rk
¼ 1
Ekhk
ðp0k  Rk þ m  r0x  hkÞ; ðk ¼ 1; 2; . . . ; NÞ; ð8Þwhere DRk is the radial (inward) deﬂection of the kth tube prior to buckling, m is Poisson’s ratio.
For the given applied axial stress and radial pressures, the net (inward) pressure p0k ðk ¼ 1; 2; . . . ; NÞ to
the kth tube can be determined by substituting Eq. (8) into Eq. (6).
In this paper, it is considered that the angles of twist per unit length are identical for all the layers of
MWNTs. Hence, we have (Timoshenko and Gere, 1984)
2132 C. Sun, K. Liu / International Journal of Solids and Structures 45 (2008) 2128–2139h ¼ T=GI ¼ T k=GIk; ðk ¼ 1; 2; . . . ; NÞ; ð9Þ
where h denotes the angle of twist per unit length of MWNTs, G is the shear modulus of CNTs, Ik is the polar
moment of inertia of the cross section of the kth layer of MWNTs, Tk denotes the torque of the kth layer of
MWNTs, I ¼PNk¼1Ik ¼ 2pPNk¼1RkhkðR2k þ h2k=4Þ.
By use of Eq. (9), the shear membrane forces of the kth layer of MWNTs can be obtained asN 0xyk ¼ skhk ¼ TRkhk=I ; ðk ¼ 1; 2; . . . ; NÞ; ð10Þ
where sk denotes the shear stress of the kth layer of MWNTs.
For combined torsional buckling of MWNTs, it is suﬃcient to know the values of Poisson ratio m, the eﬀec-
tive bending stiﬀness Dk, and the in-plane stiﬀness Ekhk, where k = 1, 2, . . . ,N. According to the work by Yak-
obson et al. (1996) and Huang et al. (2006), these parameters are independent of the deﬁnition of the thickness,
and independent of the type of loading. So, we take m=0.3, D1 = D2 = . . . = DN = D = 0.85 eV,
E1h1 = E2h2 = . . . = ENhN = Eh = 360 J/m
2 (Yakobson et al., 1996; Sun and Liu, 2007).
4. Buckling analysis
Assuming that the MWNTs are so long that the constraints at two ends have no signiﬁcant eﬀect on the
magnitude of the critical buckling torque, and that the buckling deﬂection of the kth layer of a MWNT
can be expressed aswk ¼ Ak sin mpL x
ny
Rk
 
; ðk ¼ 1; 2; . . . ; NÞ; ð11Þwhere Ak (k = 1,2, . . . ,N) are real constants, m and n are two positive integers, representing the half wave
numbers in the axial and circumferential directions, respectively.
Substitution of Eqs. (5), (10) and (11) into Eq. (4), N homogeneous equations for w1, w2, . . . ,wN can be
obtained as followsa11w1 þ a12w2 ¼ 0;
akðk1Þwk1 þ akkwk þ akðkþ1Þwkþ1 ¼ 0; ðk ¼ 2; 3; . . . ; N  1Þ;
aNðN1ÞwN1 þ aNNwN ¼ 0
ð12Þwherea11 ¼ Db41 þ cþ r0xh
m2p2
L2
 2T mnph
LI
 p01
n2
R1
 
b21 þ
m4p4
L4
Eh
R21
;
a12 ¼ cb22;
akðk1Þ ¼ c Rk1Rk b
2
k1;
akk ¼ Db4k þ c
Rk1
Rk
þ cþ r0xh
m2p2
L2
 2T mnph
LI
 p0k
n2
Rk
 
b2k þ
m4p4
L4
Eh
R2k
;
akðkþ1Þ ¼ cb2kþ1;
aNðN1Þ ¼ c RN1RN b
2
N1;
aNN ¼ Db4N þ c
RN1
RN
þ r0xh
m2p2
L2
 2T mnph
LI
 p0N
n2
RN
 
b2N þ
m4p4
L4
Eh
R2N
;
bk ¼
m2p2
L2
þ n
2
R2k
; ðk ¼ 1; 2; . . . ; NÞ:Eq. (12) can be written as
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where A denotes the coeﬃcient matrix on w1, w2, . . . ,wN.
The requirement that Eq. (13) has a non-zero solution for wk (k = 1, 2, . . . ,N) provides one with the buck-
ling condition for the torque T, i.e.,detA ¼ 0: ð14Þ
Eq. (14) is related to the torque T, applied axial stress r0x , internal pressure pint, and external pressure pext.
For the given applied axial stress, internal pressure, and external pressure, the critical buckling torque can be
obtained by minimizing the buckling torque T determined by Eq. (14) with respect to m and n. It should be
noted that, for combined torsional buckling of a MWNT coupling with axial stress and radial pressures, the
shear stress should be considered as the major component.
In this paper, it is assumed that the torque T, applied axial stress r0x , internal pressure pint, and external
pressure pext satisfy the following relationr0x ¼ cs1 ¼ cTR1=I ; pint ¼ ks1 ¼ kTR1=I ; and pext ¼ gs1 ¼ gTR1=I ; ð15Þ
where the ratios c, k and g are very small real constants.
Apparently, when the ratios c, k and g are all taken to be zero, Eq. (14) degenerates to the buckling con-
dition for determining the critical buckling torque of MWNTs under pure torque.
As a special case (N = 2), for combined torsional buckling of DWNTs, analytic formulae can be obtained
for the buckling torque T:T ¼ nþ f
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn fÞ2 þ j2
q
; ð16Þwheren ¼ LI
4mnph
Db21 þ cþ r0xh
m2p2
L2
 p01
n2
R1
þ m
4p4Eh
L4R21b
2
1
 !
;
f ¼ LI
4mnph
Db22 þ c
R1
R2
þ r0xh
m2p2
L2
 p02
n2
R2
þ m
4p4Eh
L4R22b
2
2
 !
;
j ¼ cLI
2mnph
ﬃﬃﬃﬃﬃ
R1
R2
r
;
p01 ¼
chmðR2  R1Þr0x  ðcR1R2 þ EhÞpint þ cR22pext
Ehþ cR21 þ cR1R2
;
p02 ¼
chmðR21  R1R2Þr0x  cR31pint þ cðR21R2 þ EhR2Þpext
R2ðEhþ cR21 þ cR1R2Þ
:In particular, when in the absence of the axial stress and radial pressures, Eq. (16) degenerates to the buck-
ling torque for pure torsional buckling of DWNTsT ¼ LI
4mnph
Db21 þ cþ
m4p4Eh
L4R21b
2
1
þ Db22 þ c
R1
R2
þ m
4p4Eh
L4R22b
2
2
 !
 LI
4mnph
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Db21 þ cþ
m4p4Eh
L4R21b
2
1
 Db22  c
R1
R2
 m
4p4Eh
L4R22b
2
2
 !2
þ 4c2 R1
R2
vuut : ð17Þ
When in the absence of the van der Waals forces, Eq. (17) leads toT ¼
LI
2mnph Db
2
1 þ m
4p4Eh
L4R2
1
b21
 
; Db22 þ m
4p4Eh
L4R2
2
b22
P Db21 þ m
4p4Eh
L4R2
1
b21
LI
2mnph Db
2
2 þ m
4p4Eh
L4R2
2
b22
 
; Db22 þ m
4p4Eh
L4R2
2
b22
< Db21 þ m
4p4Eh
L4R2
1
b21
8><
>: ; ð18Þ
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h2; h1 > h2
	
; ð19Þwhere h1 and h2 denote the buckling angle of twist pre unit length for the isolated inner and outer tubes of the
DWNT, respectively.
Eq. (19) conﬁrms the expectation that, in the absence of the van der Waals forces, both the inner tube and
the outer tube behave like free-standing SWNTs. In this case, the DWNT will buckle as long as the smaller
value of buckling angle of twist for the isolated inner tube and that for the isolated outer tube is reached.
Further, it can be proved thatmin½h1; h2 6 h 6 max½h1; h2: ð20Þ
The equal sign in Eq. (20) is valid if h1 = h2. This indicates that, due to the eﬀect of the van der Waals
forces, the buckling angle of twist for a DWNT is always between that of the isolated inner tube and that
of the isolated outer one.
In addition, for combined torsional buckling of DWNTs with external pressure (i.e., r0x ¼ pint ¼ 0), a com-
parison of Eq. (16) with Eq. (17) shows that the buckling torque of DWNTs under combined torque and exter-
nal pressure is lower than the corresponding one under pure torque. This indicates that the external pressure
decreases the critical buckling torque of DWNTs. For combined torsional buckling of DWNTs with internal
pressure (i.e., r0x ¼ pext ¼ 0), it has been proved that the buckling torque of DWNTs under combined torque
and internal pressure is higher than the corresponding one under pure torque, namely that the critical buckling
torque of DWNTs are increased by the internal pressure. Further, it is concluded that, for combined torsional
buckling of DWNTs with internal pressure, the critical buckling torque increases with increasing the internal
pressure, while for combined torsional buckling of DWNTs with external pressure, the critical buckling torque
decreases with increasing the external pressure.
5. Numerical results and discussion
According to the innermost radius-to-thickness ratio, MWNTs can be classiﬁed into three typical cases
(Wang et al., 2003b): thin MWNTs (the innermost radius-to-thickness ratio is no less than 5), thick MWNTs
(the innermost radius-to-thickness ratio is around unit), and (almost) solid MWNTs (the innermost radius-to-
thickness ratio is smaller than 0.25). In the following, numerical results are worked out for all the three types
of MWNTs under combined torsional buckling coupling with axial stress, internal pressure and external pres-
sure. Three representative examples are considered: a ﬁve-layer MWNT with innermost radius R1 = 8.5 nm
(thin MWNT), an eight-layer MWNT with innermost radius R1 = 2.7 nm (thick MWNT), and an eight-layer
MWNT with innermost radius R1 = 0.65 nm (solid MWNT).
5.1. Pure torsional buckling of MWNTs
First, let us consider the pure torsional buckling of MWNTs, i.e., c = k = g = 0. The critical buckling tor-
ques and associated buckling modes of the thin, thick, and solid MWNTs are worked out, which are 274.307
(m = 1, n = 3) nN nm, 242.968 (m = 1, n = 2) nN nm, and 411.484 (m = 1, n = 1) nN nm, respectively. The
corresponding ones obtained from the results in the literature (Wang et al., 2005) are 273.493 (m = 1,
n = 3) nN nm, 225.408 (m = 1, n = 2) nN nm, and 314.417 (m = 1, n = 1) nN nm, in which it is considered
that the shear membrane forces in each layer of a MWNT are identical. These results show that, for all the
three representative examples, the critical buckling torque obtained by the present analysis is bigger than that
in the literature, though the associated buckling modes are identical. The diﬀerence of the critical buckling
torques is dependent on the types of MWNTs, which is very small for the thin MWNT (the relative increment
is 0.30%), moderate for the thick MWNT (the relative increment is 7.79%), and large for the solid MWNT (the
relative increment is 30.87%). This indicates that, for pure torsional buckling of thin MWNTs, the loading
conditions have very weak inﬂuence on the critical buckling torque, while for pure torsional buckling of thick
or solid MWNTs, diﬀerent loading conditions may result in very diﬀerent critical buckling torque.
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For combined torsional buckling of MWNTs with axial stress, we have k = g = 0. Fig. 2 shows the relative
increment of the critical buckling torque of the thin, thick, and solid MWNTs under combined torque and
axial stress (axial tensile stress or axial compressive stress) over the corresponding one under pure torque
as a function of the axial stress-to-shear stress ratio of the innermost tube c, respectively. From Fig. 2, it
can be seen that, for all the three representative examples, the axial tensile stress leads to a higher critical buck-
ling torque, while the axial compressive stress results in a lower critical buckling torque. With the increase of
the axial stress-to-shear stress ratio of the innermost tube c, the critical buckling torque increases under com-
bined torque and axial tensile stress, and decreases under combined torque and axial compressive stress. How-
ever, as illustrated in Fig. 2, the eﬀect of the axial tensile stress or the axial compressive stress on the critical
buckling torque is very small. For example, at the ratio c = 0.1 and c = 0.1, the relative increment and dec-
rement of the critical buckling torque over the corresponding one under pure torque are less than 0.34% for all
the three representative examples. The corresponding buckling modes are also calculated for the three repre-
sentative examples. It is interesting that, for diﬀerent axial stress-to-shear stress ratio c = 0.1, 0.09,
0.08, . . . , 0.1, the buckling modes are all the same as the corresponding ones under pure torque. This indi-
cates that, for very small axial stress-to-shear stress ratio, the buckling mode of a MWNT under combined
torque and axial stress is only dependent on its structure.5.3. Combined torsional buckling of MWNTs with internal pressure
In this section, the buckling of MWNTs under combined torque and internal pressure is considered, i.e.,
c = g = 0. Fig. 3 shows the relative increment of the critical buckling torque of the thin, thick, and solid
MWNTs under combined torque and internal pressure over the corresponding one under pure torque as a
function of the internal pressure-to-shear stress ratio of the innermost tube k, respectively. As illustrated in
Fig. 3, for all the three representative examples, the internal pressure can make the MWNTs resist higher crit-
ical buckling torque, and the critical buckling torque increases with increasing the internal pressure-to-shear
stress ratio of the innermost tube k. From Fig. 3, it can be observed that the eﬀect of the internal pressure on
the critical buckling torque is strong for the thin MWNT, moderate for the thick MWNT, and small for the
solid MWNT. For example, at the ratio k = 0.01, the relative increment of the critical buckling torque is
29.47% for the thin MWNT, 4.66% for the thick MWNT, and 0.71% for the solid MWNT. The associated
buckling modes for the thick and solid MWNTs under combined torque and internal pressure are the sameFig. 2. Relative increment of the critical buckling torque of the thin, thick, and solid MWNTs under combined torque and axial stress
(axial tensile stress or axial compressive stress) over the corresponding one under pure torque as a function of the axial stress-to-shear
stress ratio of the innermost tube c, respectively, in which c > 0 corresponds to axial tensile stress, and c < 0 corresponds to compressive
stress.
Fig. 3. Relative increment of the critical buckling torque of the thin, thick, and solid MWNTs under combined torque and internal
pressure over the corresponding one under pure torque as a function of the internal pressure-to-shear stress ratio of the innermost tube k,
respectively.
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thin MWNT, the associated buckling modes are (m = 1, n = 3) for the ratio k = 0.002, 0.004, and (m = 1,
n = 2) for the ratios k = 0.006, . . . , 0.02. This indicates that, for very small internal pressure-to-shear stress
ratio of the innermost tube, the buckling modes for MWNTs under combined torque and internal pressure
are unique and the same as the corresponding ones under pure torque. However, when the internal stress-
to-shear stress ratio of the innermost tube is up to a certain value, the buckling modes can be diﬀerent. This
is conﬁrmed through the investigation for the thin MWNT under combined torque and internal pressure.
The results for the eﬀect of internal pressure on the critical buckling torque and associated buckling mode
of MWNTs under combined torque and internal pressure are consistent with the corresponding ones obtained
by Sun and Liu (2007).5.4. Combined torsional buckling with external pressure
Now, let us consider the buckling of MWNTs under combined torque and external pressure, i.e., c = k = 0.
Fig. 4 shows the relative increment of the critical buckling torque of the thin, thick, and solid MWNTs underFig. 4. Relative increment of the critical buckling torque of the thin, thick, and solid MWNTs under combined torque and external
pressure over the corresponding one under pure torque as a function of the external pressure-to-shear stress ratio of the innermost tube g,
respectively.
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external pressure-to-shear stress ratio of the innermost tube g, respectively. As shown in Fig. 4, for all the three
representative examples, application of the external pressure results in a lower critical buckling torque than the
corresponding one under pure torsional buckling, and the critical buckling torque decreases with increasing
the external pressure-to-shear stress ratio of the innermost tube. Fig. 4 also indicates that the eﬀect of the
external pressure on the critical buckling torque is strong for the thin MWNT, moderate for the thick MWNT,
and small for the solid MWNT. For example, at g = 0.01, the relative decrease of the critical buckling torque
of the three representative examples under combined torque and external pressure over that under correspond-
ing pure torsional buckling is 24.80% for the thin MWNT, 5.45% for the thick MWNT, and 0.86% for the
solid MWNT. For diﬀerent ratios g = 0.002, 0.004, 0.006, . . . , 0.02, the associated buckling modes for the three
representative examples are all the same as the corresponding ones under pure torque.
The results for the eﬀect of external pressure on the critical buckling torque and associated buckling mode
of MWNTs under combined torque and external pressure are also consistent with the corresponding ones
obtained by Sun and Liu (2007).5.5. Combined torsional buckling of MWNTs with axial stress and external pressure
Finally, we consider the combined torsional buckling of MWNTs with axial stress and external pressure,
i.e., k = 0. In this case, identical axial compressive stress and external pressure are assumed, i.e., g = c.
Fig. 5 shows the relative increment of the critical buckling torque of the thin, thick, and solid MWNTs under
combined torque and identical axial compressive stress and external pressure over the corresponding one
under pure torque as a function of the external pressure-to-shear stress ratio of the innermost tube g, respec-
tively. Similar to the eﬀect of external pressure on the critical buckling torque under combined torque and
external pressure shown in Fig. 4, for all the three representative examples, the axial compressive stress and
external pressure result in a lower critical buckling torque than the corresponding one under pure torque,
and the critical buckling torque decreases with increasing the axial compressive stress/external pressure-to-
shear stress ratio of the innermost tube. Fig. 5 also shows that, the eﬀect of the axial compressive stress
and external pressure on the critical buckling torque of the three representative examples is strong for the thin
MWNT, moderate for the thick MWNT, and small for the solid MWNT. For example, at g = 0.01, the rel-
ative decrease of the critical buckling torque over the corresponding one under pure torque is 24.82% for the
thin MWNT, 5.47% for the thick MWNT, and 0.88% for the solid MWNT. A comparison of Fig. 5 with Fig. 4
indicates that, for identical axial compressive stress and external pressure, the eﬀect of the external pressure on
the critical buckling torque of MWNTs is substantial, while the eﬀect of the axial compressive stress is veryFig. 5. Relative increment of the critical buckling torque of the thin, thick, and solid MWNTs under combined torque and identical axial
compressive stress and external pressure over the corresponding one under pure torque as a function of the external pressure-to-shear
stress ratio of the innermost tube g, respectively.
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buckling torque of MWNTs under combined torque and axial compressive stress. The associated buckling
modes of the three representative examples are unique and the same as the corresponding one under pure tor-
que for diﬀerent ratios g = 0.002, 0.004, 0.006, . . . , 0.02.
6. Conclusions
Based on the continuum mechanics model, this paper studies the combined torsional buckling of
MWNTs coupling with axial stress (axial tensile stress or axial compressive stress), internal pressure,
and external pressure, which takes into account the eﬀect of the van der Waals interaction between adja-
cent tubes. Diﬀerent from the existing analysis for torsional or combined torsional buckling of MWNTs in
the literature, identical angles of twist per unit length for diﬀerent layers of MWNTs are considered. A
buckling condition is derived for determining the critical buckling torque and associated buckling mode.
In particular, for combined torsional buckling of DWNTs, an explicit expression is obtained and some
detailed results are demonstrated. Numerical results are worked out for three typical MWNTs (a thin
MWNT, a thick MWNT and a solid MWNT) under various axial stresses (axial tensile stresses or axial
compressive stresses), internal pressures, and external pressures. It is shown that, the axial tensile stress or
the internal pressure increases the critical buckling torque, while the axial compressive stress or external
pressure decreases the critical buckling torque, compared to the corresponding one under pure torque.
The eﬀect of axial stress (axial tensile stress or axial compressive stress) on the critical buckling torque
is very small for all the three types of MWNTs, while the eﬀect of the internal pressure or external pres-
sure is related to the types of MWNTs, which is strong for the thin MWNTs, moderate for the thick
MWNTs, and small for the solid MWNTs. This indicates that the innermost radius-to-thickness ratio
of MWNTs plays an important role in studying the buckling behavior for combined torsional buckling
of MWNTs with radial pressures. The associated buckling mode of MWNTs under combined torsional
buckling is unique and dependent on the structure of MWNTs. Especially, for combined torsional buck-
ling of MWNTs with very small axial stress and radial pressures, the buckling mode is just the one for the
corresponding pure torsional buckling. In addition, some of the results are compared with the correspond-
ing ones obtained in the literature.
The investigation in this paper may be a helpful reference for potential applications of MWNTs, such as in
nano-oscillators, nano-drive devices and actuators, in which MWNTs act as basic elements.Acknowledgements
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